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1. The counting function. 2. Hybrid boundary conditions. 
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My talk is divided into two separate parts on 
the grounds that if you don't like one then you 
might like the other. However it leaves little time 
for details or references or even accuracy. 

1. The counting function. 

In any discussion of eigenvalues, the counting 
function, N(X) is the basic spectral object. It 
contains all you want to know, globally speaking. 

Probably the first example of such a function 
occurs in Sturm's 1829 treatment of the roots of 
the secular equation. Later in the century it arose 
in connection with cavity black body radiation 
(Rayleigh and Jeans) when the importance of the 
asymptotic behaviour of N(X) for large A became 
physically more pressing. 

Weyl showed that, for the Laplacian in a cavity 
of volume V, N(X),= J2x <x 1> nas the asymp- 
totic form, 
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It was natural to ask about corrections to this 
leading form. Unfortunately N(X) is an awkward 
quantity to work with. It's not smooth. Recall 
the term 'spectral staircase'. 

To handle this one takes various transforms, for 
example, the Laplace transform giving the heat- 
kernel, K(t), 



K(t) = 
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from which spectral information can be extracted, 
looking at it as a function of t. K is much easier 
to deal with than N and so maybe one can find 



out about large A N from small t K by inversion. 
This is the Carleman approach. Sounds easy. 

Under certain fairly wide conditions, K (t) has 
a small-i expansion (a 'pre-Tauberian result') 
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where the indices a n start off positive (uq = 3/2) 
and decrease to minus infinity. The coefficients, 
c arl , are usually locally computable and often 
have a geometrical significance. 

By Laplace inversion, the asymptotic form for 
a 'smoothed' counting function, 



™"-E 



N(X) 



H;r(i 



■A Q " 



Ur, 



(4) 



follows as a 'post-Tauberian result'. I note that 
there are no terms with a n a negative integer. 

This result is due to Browncll who pointed out 
the need for smoothing in order to pick up the 
non-leading terms in the expansion. 

The oscillating difference, N(X) — N(X), is the 
concern of Periodic Orbit Theory and forms the 
subject of Fulling's talk here. 

Just a few words on a rough and ready justi- 
fication of (4). The relation is trivially true for 
a n greater than —1 by virtue of Euler's Gamma 
function formula, 
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For other a n there is a divergence at the lower 
A integration limit in (2) which can be circum- 
vented by differentiating with respect to t a suffi- 
cient number of times, and then integrating back, 
a device used by Fulling (Siam.JMath.Anal. 13 
(1982) 891) and also by van der Pol and Bremmer 



in their book "Operational Calculus", 1955. You 
can see that the terms in the expansion of K{f), 
(3), with positive integer powers (a n a negative 
integer) arise during this reverse process via con- 
stants of integration and are divorced from the 
terms evident in (4) (c/Heaviside and Carson in 
the context of circuit theory) . 

As I said, such terms are absent from the 
asymptotic, large A form of the smoothed count- 
ing function N(\), (4). However there is a relic 
of them as delta-function derivatives, as noted by 
Van der Pol and Bremmer. Saying it another 
way, these terms can appear as genuine large A 
terms, but only after integrating N(X) a suffi- 
cient number of times. These integrations, or fur- 
ther smoothings, are best performed using Riesz 
means, as discussed systematically by Fulling and 
Estrada (Elec.J.Diff.Equns.1999 No.6,1; No.7,1) 
and this leads me onto what I want to say here. 

As initiation, I go back to the general expansion 
of the smoothed N(X) , (4) and give it a touch with 
the distributional wand by interpreting it as, 
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where the generalised function, <& a (x), is 
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I remind you that the generalised function x" is 
concentrated on the positive x-axis, i.e. x? is 
equal to x a for x > and is zero for x < 0. See 
your favourite book on generalised functions - e.g. 
Gelfand and Shilov. $ Q has many nice properties 
as a function of a. 

The Laplace transform of N(X) now yields all 
the small t expansion of K(t), (3), by virtue of 
the fact that, 
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is valid for all a by the uniqueness of analytic con- 
tinuation ( Gelfand and Shilov, Oldham). (This 
is the Gamma function formula again.) 
One of the nice properties of <& Q is, 



*_ fc (a:) = a£*(a;) , fc = 0,l,2,. 
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which corresponds to those terms in the series 
for K(t) with positive integral powers of t that I 
mentioned earlier. 

Moreover, by making use of the notion of frac- 
tional derivative, the restriction to integral nega- 
tive a n can be removed and one has the compact 
expression, 
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for all a n , and this is my final equation relating 
the heat-kernel and counting function series. 

In this way one can give a unified, attractive (if 
dangerous) Cauchyesque treatment of the whole 
series based on the convolution property of the 
function $ Q , 
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2. The hybrid spectral problem. 

Again I am interested in the eigenvalue problem 
in some domain but this time the setting is a little 
non-standard. In particular, the eigenfunctions 
satisfy Dirichlet on one part of the boundary and 
Neumann on the rest. We will hear more about 
this from Avramidi, Gilkey and Seeley. I will not 
discuss the problem in any generality but just 
begin with some examples (see bep-th/0007129 ) 
which, no doubt, fall within the framework set up 
by Briming and Seeley, J.Func.Anal. 95 (1991) 
255, who refer to the Zaremba problem. (This is a 
generalisation of the Dirichlet potential problem. 
See Sneddon, "Mixed boundary value problems" 
North-Holland, 1966, and the history in Azzam 
and Kreysig, Siam.J.Math.Anal. 13 (1982) 254- 
262.) 

I start with the simplest situation - the Lapla- 
cian on the interval, [0, L], with D and N condi- 
tions at the ends. 

A simple calculation or (better) the drawing of 
a few low modes, shows that the various eigen- 
problems are functorially related by, 



{D,N) L U{D,D) L ={D,D) 2L 
(D,N) L U{N,N) L ={N,N) 2L 

(D,D) L U(N,N) L = P 2L , 



(10) 
(11) 
(12) 



where the notation (£>, N) signifies a problem 
with D conditions at one end and N at the other. 
P stands for periodic conditions. 

The 'subtraction' implied by (10), in order to 
extract the (D, N) part, amounts to a cull of the 
even modes on the doubled interval, as is well 
known (c/Rayleigh "Theory of Sound" , 1894 vol. 
I, p.247). 

Averaging (10) and (11) and using (12) yields 
an expression for (D, N) purely in terms of peri- 
odic quantities, 



(D,N) L U±P L = ±P 2L . 



(13) 



The relations for rectangular regions like 
[0, L] x [0, L] can be obtained by formal multi- 
plication of (10)-(12). I will not consider them 
here but pass on to 

The wedge. 

The interval relations can be applied to the arc 
of a circle, which might form part of an SO (2) 
foliation of a two-dimensional region (or the pro- 
jection of a higher dimensional region onto two 
dimensions). A wedge is a good example which I 
will now consider. Let the angle of the wedge be 
(3, then the relations (10) (11) apply with L = f3, 
where the notation now means that either D or 
N holds on the straight sides of the wedge, (say 
<j> = and 4> = (3). 

The relations (10) (11) can be immediately ap- 
plied to the heat-kernel and its small-time expan- 
sion to determine the form of the heat-kernel co- 
efficients in the (D, N) combination. I will show 
how this works out for the C\ heat-kernel co- 
efficient in two dimensions. For the Laplacian, 
the (D, D) and (N, N) wedge coefficients are well 
known, 
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C^ C e (D,D) = Cr e (N,N) = (7^-/3^/6/3.(14) 

Hence, from (10) or (11), algebraic subtraction 
gives, 



Cr d&c (D, N) = -{it 2 + 2/3 2 )/l2/3. 



(15) 



This result has been derived by Simon Watson 
(Thesis, University of Bristol 1998) using the 
Bcssel function modes directly. Clearly, when 



(3 = ir (no physical wedge), there is still an ef- 
fect. The N (~1 D join, S, is a singular region. 

Sommcrfcld, in Frank u.von Mises' "Differen- 
tial und Integralgleichungen" 1930, vol.2 p. 827, 
also mentions the 'mixed' wedge and indicates 
how to treat it using images if (3 = im/m and 
refers to hydrodynamical applications by Zeilon 
(1924) of the potential equation (i.e. the Zaremba 
problem) . 

The C\ coefficient. A conjecture. 

Heuristic arguments suggest the following gen- 
eral form for the C\ heat-kernel coefficient in the 
R/D case, (R — Robin), 

C 1 {D,R) = (±-Z)fRfdV+ (16) 
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ip is the Robin function and dimensions show that 
it cannot enter into the codimension-2 contribu- 
tion (the final two integrals). 

The 2 lune. 

The next simplest geometry (of constant cur- 
vature) is a lune, that is, a sector of a sphere. 

The intervals to which relations (10) (11) are 
applied are the sections of the lines of latitude 
cut out by the two longitudes, <j> = 0, <j> = f3. The 
singular region, S, comprises the two poles which, 
in higher dimensions, are really full spheres. 

Denoting the lune by C{(3) we have exactly the 
same relations, 

(D, N) C{0) U (D, D) cm = (D, D) cm 
(D,N) cif3) U(N,N) cm =(N,N) C{2(3) , (17) 

so that the corresponding zcta functions combine 
algebraically, 



crw =c? fi D {s)-$ D {s) 



(18) 



The DD and TV TV zeta-functions are given in 
terms of Barnes zeta-functions. They can be 
used to confirm the expression (16) using the re- 
lation between C\ and £(0) in two dimensions. 
In this case the extrinsic curvatures, k, vanish 
(the boundaries are geodesically embedded) but 



there is a volume (area) term independent of the 
boundary conditions. Higher dimensional spheres 
can be treated easily. 

The 2 hemisphere and disc. 

Setting (3 = ir gives the hemisphere which is 
conformally related to the flat disc. 

Now, the disc with TV on one half of the circum- 
ference and D on the other seems hard to treat, 
in so far as the construction of the heat-kernel 
or zeta-function is concerned. However, granted 
the general form of the C\ coefficient, (16), it is 
possible to determine the functional determinant 
for conformally invariant fields on the N/D disc 
from that on the hemisphere, which can be found 
from the Barnes zeta function and is, up to expo- 
nentiation, 

Cf '(0) = -&(-l)-ilog2-i. (19) 

For comparison, the standard formulae for the 
DD and iViV-hemispheres are, 

£">'(()) = 2&(-l)-&(0)- 1/4 



and 



C^ JV '(0)=2^(-l)+C^(0)-l/4. 



By stereographic transformation to the N/D- 
disc, our final result turns out to be, 
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G15(o) = -^(-i)-^iog2 + -. 

The d-dimensional hemisphere/lune. 

The zeta— functions are again of Barnes type 
and the known pole structure allows one to ex- 
tract the contribution of the singular region, S, 
to the C„ heat-kernel coefficients as explicit poly- 
nomials in d. 

Added notes. 

The standard (D, D) and (N, N) results for the 
wedge, (14), (going back to Sommerfeld, 1898, 
and Carslaw, 1910) are a consequence of the, 
often unspoken, use of the Friedrichs extension 
of the compact Laplacian, which, for (3 < ir, is 
the only extension. For (3 > ir there exist "un- 
physical" extensions corresponding to the inclu- 
sion of L 2 radial modes, J_\ v \(kr) with \v\ < 1, 



(e.g. Cheeger and Taylor, Comm. Pure. Applied 
Math. 35 (1982) p.305; Strichartz, J.Func.Anal. 
91 (1990) 37). 

The relation between the (D, N) and (D, D) 
wedge problems, say, shows that unphysical ex- 
tensions become possible for the (D,N) case if 
(3 > 7r/2. This excludes rectangular domains 
(dropping the N n solutions) but for the j3 = ir, 
geometrically smooth case, an extra mode, J_i/2, 
exists (cf Seeley's contribution to this confer- 
ence). For (3 > 37r/2, two extra modes appear, 
and so on. This shows that, in this regard, there 
is nothing special about this N/D problem, and 
all those others obtained by using the relations 
(10) (11) and, as remarked by Fulling at this con- 
ference, the freedom of extension does not seem 
immediately to provide a means of avoiding the 
difficulty with the i ndex encountered in Dowker, 
Kirsten and Gilkey (|hep-th/0010199|) . 

Relations (10) (11) also show that there are 
no logi terms in the N/D heat-kernel expan- 
sion if there are none in the related DD or NN 
cases. Of course this only applies to a very special 
class of N/D situations. In Dowker, Kirsten and 
Gilkey, an N/D spherical cap problem, not obvi- 
ously covered by (10) (11) but with £ embedded 
smoothly in the boundary, is discussed perturba- 
tively and suggests, albeit indirectly, that logi 
terms are present, generated by a non-zero ex- 
trinsic curvature. This result appears to disagree 
with the general conclusion of Seeley presented at 
this conference. However a detailed check of the 
geometry has still to be made in order to confirm 
that the example actually does fall into the class 
covered by Briining and Seeley, although Seeley's 
value for C\ agrees with (15), at (3 = ir, (which is 
the same as the value found by Avramidi). 

A point to bear in mind is the relation be- 
tween the N/D and periodic problems on the 
interval, equation (13), which shows that, even 
for the (3 = ir, N/D wedge, there is an effec- 
tive 47T conical singularity at £ and conical singu- 
larities generically lead to logi terms, as shown 
by Cheeger, (J.Diff.Geom. 18 (1983) 575) and 
by Briining and Seeley, (J.Func.Anal. 73 (1987) 
369), but not for the wedge. 



